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The Noether charge associated to diffeomorphism invariance in teleparallel gravity is derived. It
is shown that the latter yields the ADM mass of an asymptotically flat spacetime. The black hole
entropy is then investigated based on Wald’s prescription that relies on the Noether charge. It is
shown that, like in general relativity, the surface gravity can be factored out from such a charge.
Consequently, the similarity with the first law of thermodynamics implied by such an approach in
general relativity does show up also in teleparallel gravity. It is found that, based on the expression
of the first law of black hole mechanics, which is preserved in teleparallel gravity, entropy can thus
be extracted from such a Noether charge. The resulting entropy can very naturally be expressed as a
volume integral, though. As such, it is shown that the conformal issue that plagues the entropy-area
law within general relativity does not arise in teleparallel gravity based on Wald’s approach. The
physics behind these features is discussed.
PACS numbers: 04.20.Cv, 04.50.Kd, 04.70.-s
I. INTRODUCTION
Two of the major motivations that are often put for-
ward in the search for gravitational theories beyond gen-
eral relativity (GR) are the quantization problem and the
dark energy and/or dark matter problems. The usual
cure suggested to these problems consists in modifying
the Einstein-Hilbert Lagrangian (see e.g., the very re-
cent review in Ref. [1]). Thus, nonlinear functionals of
the Ricci scalar R and other geometric invariants, as well
as extra degrees of freedom for spacetime, such as torsion
and scalar fields, are often added inside the simple GR
Lagrangian. However, while these extra terms and enti-
ties do indeed enrich the theory, they do make the gravi-
tational action, let alone the field equations, exceedingly
complex. In addition, any specific extra term added to
the GR Lagrangian automatically begs for a justification
from first principles. In this regard, the only theory that
is equivalent to GR, and yet simpler and richer than GR,
is arguably the so-called teleparallel equivalent to general
relativity (TEGR) (see Ref. [2] for a textbook introduc-
tion and Ref. [3] for a review).
TEGR is known to incorporate the nice features of GR,
such as the possibility of studying conserved currents [4]
and nonvacuum solutions [5]. Furthermore, TEGR has
been shown to be an adequate framework for studying
gravitational waves [6, 7], nonsingular black holes [8] and
energy fluxes in cylindrical spacetimes [9]. TEGR also
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makes it possible to come up with extensions of GR to
tackle the problems of dark matter [10, 11] and cosmology
[12].
The feature of TEGR that makes it simpler than GR
is its first order Lagrangian as well as its Yang-Mills-like
field equations. This feature arises thanks to the use of
the frame fields which can be thought of as representing
the “square root” of the metric. The main feature of the
TEGR framework that makes it richer than that of GR
[13] is the fact that, unlike in GR, one is able to sep-
arate gravitational effects from inertial effects. This is
achieved thanks to the spin connection that is contained
inside the Weitzenbo¨ck connection. This is a unique fea-
ture to teleparallel theories of gravity in general [1, 14],
and TEGR in particular, that is not shared by any other
alternative theories of gravity. This feature of the theory
is behind the remarkable possibility of defining an energy-
momentum tensor for the gravitational field [15, 16]. It is
thus of great interest to investigate within this theory the
fate of black hole thermodynamics as well. In fact, the
problem of black hole entropy with its peculiar area-law
character is of tremendous importance as it depends — in
contrast to temperature — on the dynamics of spacetime
rather than on the kinematics of the latter. Thereby, with
its capacity for splitting the dynamics into inertial effects
plus purely gravitational effects, TEGR constitutes prob-
ably the best framework in which one might still hope to
learn more about black hole entropy at the classical level.
It has recently been shown in Ref. [17] that the analogy
between the first law of black hole mechanics and thermo-
dynamics becomes spoiled under a Weyl conformal trans-
formation of spacetime. One of the reasons is that the
area-law character of black hole entropy becomes prob-
lematic. It was found indeed that, in contrast to a surface
2area, the black hole entropy based on Wald’s approach
remains invariant under a conformal transformation. In
Ref. [18], it was shown in this regard that even the ex-
traction of Einstein’s field equations based on Jacobson’s
prescription [19] becomes problematic. A first clue of
the general issue is actually provided by the observa-
tion that under conformal transformations of spacetime a
black hole horizon might disappear altogether [20] and a
wormhole, which requires the violation of the null energy
condition (NEC) by matter, becomes sustained without
violating the NEC as soon as one transforms spacetime
a` la Weyl [21]. The very root of the problem can there-
fore be traced back to the fundamental dichotomy be-
tween matter and geometry that is inherent in Einstein’s
field equations. As matter and geometry behave differ-
ently under a conformal transformation [22, 23], a Weyl
transformation necessarily filters out the material enti-
ties from the geometric ones in any dynamical relation
that involves both of them.
In light of this first clue revealed by the Weyl trans-
formation, our goal in this paper is to use TEGR to re-
fine this picture by investigating how much the intricate
relation between inertia and geometry is responsible in
shaping black hole entropy. In fact, on the one hand, we
have the simple dichotomy between matter and geome-
try that betrays the fundamental nature of the entropy
area law when examined through the lens of Weyl trans-
formations. On the other hand, inertia, being an inti-
mate property of pure matter, becomes “unfortunately”
geometrized in GR along with pure gravity. It is there-
fore very tempting to believe that within a framework in
which gravitational and inertial effects could be made dis-
tinct, another picture of black hole entropy could emerge.
Indeed, as mentioned above, TEGR is already known
to offer, in contrast to GR, a framework in which the
energy-momentum density for the gravitational field is
well defined. This is made possible in TEGR thanks
to the separability of the energy-momentum density’s
pseudotensor of inertial effects from the purely ten-
sorial gravitational contribution [2]. Remarkably, the
Arnowitt-Deser-Misner (ADM) mass obtained from such
an energy-momentum tensor of the gravitational field is
more naturally expressed as a volume integral [15, 16], in
contrast to what is found within GR where it takes the
form of a boundary integral. The question that arises
then is: Could it be possible that in TEGR entropy also
becomes more naturally encoded in the volume of space
inside the black hole horizon like the ordinary thermo-
dynamic concept of entropy? This question is intimately
linked with the well-known fact that an observer in an ac-
celerating frame automatically witnesses an entropy that
also obeys the area law. In agreement with the strong
equivalence principle, the observer indeed “feels” locally
the same force as that of real gravity but only thanks to
the purely inertial effects. As such, one might therefore
wonder whether the familiar area law of black hole en-
tropy in GR is not actually simply due to the mixing be-
tween real gravitational effects and purely inertial effects.
In other words, is it possible that in a theory, like TEGR,
in which inertia can be separated from gravity, black hole
entropy could also be “purified” from inertial effects and
allowed to reveal its true nature? Our aim in this paper is
to investigate such a question in detail. Furthermore, to
the best of our knowledge the Noether charge approach
has not been previously applied to TEGR.
The following sections of the paper are organized as
follows. In Sec. II, we introduce the main definitions
and equations of TEGR. We then use these to extract
the symplectic potential from which the Noether charge
associated with the diffeomorphism invariance of the the-
ory can be derived according to Wald’s prescription. In
Sec. III, we show that such a Noether charge provides the
gravitational energy of an asymptotically flat spacetime
which is just the familiar ADM mass derived from GR. In
Sec. IV, we use the Noether charge to extract the black
hole entropy. In Sec. V, we examine the behavior of such
an entropy under Weyl transformations. We conclude
this paper with a brief summary and discussion section.
II. NOETHER CHARGE IN TEGR
Like all teleparallel gravity theories, TEGR is a
diffeomorphism-invariant theory. Therefore, to extract
the Noether charge associated to its diffeomorphism in-
variance we apply Wald’s algorithm [24, 25]1. The first
step of the algorithm is to write down the Lagrangian of
the theory in the language of differential forms.
The dynamical field in TEGR is the frame (or tetrad,
or vierbein) field eaµ(x), defined through its relation to
the metric gµν(x) of curved spacetime by, gµν = ηabe
a
µe
b
ν ,
where ηab is the flat Minkowski metric
2. The inverse
vierbein fields are denoted by eµa such that, e
µ
ae
a
ν = δ
µ
ν and
eµae
b
µ = δ
b
a. Then, the metric determinant g is expressed
as
√−g = det(eaµ) ≡ e. The affine connection of TEGR
is the Weitzenbo¨ck connection Γµνρ, given in terms of the
frame fields and the spin connection ωµ
a
b(x) by,
Γµνρ = e
µ
a∂ρe
a
ν + e
µ
a ωρ
a
b e
b
ν . (1)
In contrast to Einstein-Cartan gravity, the spin con-
nection ωµ
a
b(x) in TEGR is chosen to be a purely in-
ertial Lorentz connection. That is, it is built point-
wise from a local Lorentz transformation Λab(x), so that
ωµ
a
b(x) = (Λ
−1)ac ∂µΛ
c
b. This specific structure of the
affine connection is indeed what allows one to separate
in teleparallel gravity inertial effects from purely grav-
itational effects. In fact, since under a local Lorentz
1 Wald’s “algorithm” is actually more than just an algorithm. It is
so fundamental that it allows one to apply it to extended theories
beyond GR [26], and even allows one to search for new modified
gravity theories [27].
2 Throughout the paper, we denote, as customary, the flat tangent-
space (Lorentz) indices by Latin letters while we reserve the
Greek letters to denote the curved-spacetime indices.
3transformation the spin connection transforms as ω′µ
a
b =
(Λ−1)ac ωµ
c
d Λ
d
b + (Λ
−1)ac ∂µΛ
c
b, one can always start
from a globally vanishing spin connection and perform
a local Lorentz transformation to arrive at such a spin
connection. Conversely, given any spin connection, one
can perform local Lorentz boosts so that the final spin
connection vanishes globally, canceling thus the purely
inertial effects. This would then leave in the affine con-
nection (1) only the tetrad fields’ contribution which is
thus due to pure gravity. In this case, the Weitzenbo¨ck
connection (1) reduces to Γµνρ = e
µ
a∂ρe
a
ν . This specific
form of the connection gives rise to the absolute paral-
lelism condition which is often imposed and thus assumed
in TEGR.
From the Weitzenbo¨ck connection one builds the tor-
sion tensor, T µνρ := Γ
µ
ρν − Γµνρ, and from the latter one
constructs the contortion tensor, Kµνρ, given, respec-
tively, by,
T µνρ = e
µ
a
(
∂νe
a
ρ − ∂ρeaν + ωνab ebρ − ωρab ebν
)
,
Kµ νρ =
1
2 (Tν
µ
ρ + Tρ
µ
ν − T µνρ) . (2)
From these two entities one builds the so-called superpo-
tential tensor, Sρµν = Kµνρ−δνρ T µ+δµρ T ν, which is an-
tisymmetric in its last two indices. The trace of torsion is
here defined by T µ = T σµσ. With these ingredients, one
finally introduces the contraction T = SρµνT ρµν from
which the action of TEGR is built:
1
32π
∫
d4x eT =
1
32π
∫
Tǫ. (3)
Here, we have introduced the Levi-Civita tensor ǫµνρσ =
e ǫµνρσ, where ǫµνρσ is the totally antisymmetric Levi-
Civita symbol, defining thus a volume 4-form. Thus, in
the language of forms the Lagrangian of TEGR reads,
L = Tǫ/32π.
Next, Wald’s algorithm for extracting the Noether
charge consists in performing the following steps. First,
vary the Lagrangian with respect to the dynamical fields
of the theory. In TEGR these are the tetrad fields. So we
get δL = Ea
µ δeaµ + dΘ, where Ea
µ stands for the equa-
tions of motion 4-form (see Appendix A). The so-called
symplectic potential Θ is a 3-form, and is here found to
be given by (see Appendix B),
Θβγλ = − 1
8π
δeaµSaµαǫαβγλ. (4)
From this symplectic potential, one extracts the Noether
charge associated to the diffeomorphism generated by a
vector field ξµ by, first, replacing the general variation
δeaµ in Eq. (4) by the Lie derivative £ξe
a
µ induced by the
diffeomorphism. Then, one notes that when the equa-
tions of motion are satisfied, i.e., when Ea
µ = 0, the
Noether current 3-form, J = Θ− iξL (where iξL stands
for the interior derivative of L with respect to the vec-
tor ξµ) is a closed form, i.e., dJ = 0. For this means
indeed that there exists the charge 2-form Q, such that
J = dQ (see the explicit derivation in Eq. (B2)). This
charge 2-form is the so-called Noether charge [24, 25].
However, from the expression (4) of the symplectic
potential, it seems a priori straightforward that, when
ξµ is taken to be the Killing vector field of the space-
time, as is done to study black hole thermodynamics,
one automatically has £ξe
a
µ = 0, leading to an identi-
cally vanishing symplectic potential. Within the frame-
work of TEGR, though, things become much less triv-
ial. In fact, one has there, in addition to pure gravity,
also inertial effects built-in on a separate footing. These
manifest themselves by the fact that any infinitesimal
displacement in spacetime is automatically accompanied
by a Lorentz rotation of the frame fields. Thus, the full
Lie derivative of the frame fields should read instead3,
Lξeaµ := £ξeaµ+Mab(x, ξ)ebµ. Here, the term £ξeaµ stands
for the usual Lie derivative of a covariant spacetime vec-
tor, £ξe
a
µ = ξ
ν∂νe
a
µ+e
a
ν∂µξ
ν , whereasMab(x, ξ) denotes
an antisymmetric Lorentz rotation matrix. The latter
acts on the Lorentz index of the tetrad and should a pri-
ori depend on spacetime as well as on the Killing vector
field ξµ. With such a generalized operator, one might
indeed impose that Lξeaµ = 0, and yet £ξeaµ 6= 0.
Notwithstanding this feature of TEGR, given that in
the latter one can always switch to a class of reference
frames in which the rotation matrix Mab(x, ξ) vanishes
identically, the Killing condition which emerges from
£ξgµν = 0 can thus always be reduced again to £ξe
a
µ = 0.
For the sake of generality, however, we have derived in
Appendix B the Noether charge using such a generalized
Lie derivative. We thus came to the conclusion there
that the Lorentz rotation matrix Mab has to satisfy a
very specific condition to guarantee the existence of the
symplectic potential Θ.
Actually, thanks to the possibility of choosing arbitrary
Lorentz reference frames in TEGR without changing the
dynamics of the theory, one can still satisfy the Killing
condition £ξgµν = 0 with the weaker requirement on the
tetrad fields to satisfy, eaν£ξe
a
µ = −eaµ£ξeaν , rather than
£ξe
a
µ = 0. However, as it will be discussed in Sec. III,
the first law of black hole mechanics within Wald’s ap-
proach requires one to have £ξφ = 0 satisfied by all the
dynamical fields φ of the theory. These dynamical fields
just happen to be solely the tetrad fields in TEGR.
Following now Wald’s algorithm, for extracting the
Noether charge by combining the symplectic potential
(4) and the Lagrangian in Eq. (3), we easily find the fol-
lowing charge 2-form (see Appendix B),
Qγλ[ξ] =
1
16π
ξaSaαβǫαβγλ. (5)
This charge is supposed, according to Wald’s approach,
to yield the entropy of a black hole when the diffeomor-
phism generator ξµ is taken to be the Killing vector field
3 This is actually another independent case for the need to intro-
duce a generalized Lie derivative besides the motivations for a
similar derivative operator given in Refs. [28–30].
4of the spacetime and when such a charge is integrated
over the bifurcation 2-surface of the horizon. Before we
examine that in detail, however, we need first to make
sure that, as in GR [25], the integral over a closed spatial
boundary at infinity of the variation of such a charge,
when combined with the symplectic potential (4), does
yield the variation δE of the energy enclosed inside the
boundary. For a timelike Killing vector and a bound-
ary at spatial infinity such an energy should, as in GR,
coincide with the ADM mass.
III. ADM MASS AND NOETHER CHARGE
As shown in detail in Ref. [25], if a 3-form B exists,
such that
∫
∞
iξΘ = δ
∫
∞
iξB, then a Hamiltonian H de-
scribing the dynamics generated by the vector ξµ does
exist also and is given on shell by H =
∫
∞
(Q[ξ] − iξB).
For an asymptotic time translation tµ, the canonical en-
ergy E can then be defined to be E = ∫
∞
(Q[t] − itB)
[25]. In the case of GR, it was shown that the 3-form
B does indeed exist and that E coincides with the ADM
mass [25]. Our goal in this section is to check whether
this remains true in TEGR when we use our previous
expressions (4) and (5) of Θ and Q, respectively.
For an asymptotically flat spacetime, we have eaµ =
δaµ + O(1/r), where O(1/r) denotes terms that decrease
like 1/r at infinity [15, 16]. Therefore, given that the
superpotential Saµν is built from the torsion tensor (2),
which is made of the spin connection and the first deriva-
tives of the frame fields, we learn that at spatial infinity
we have Saµν ∼ O(1/r2). In fact, on the one hand, the
spin connection of TEGR is proportional to the deriva-
tive ∂µΛ
a
b of the Lorentz matrix. On the other hand, the
Lorentz matrix representing the inertial effects in TEGR
should decrease at least as fast as 1/r in an asymptoti-
cally flat spacetime. Therefore, on the spatial boundary
at infinity we have,∫
∞
ξβΘβγλ = − 1
8π
∫
∞
ξβδeaµSaµαǫαβγλ = 0. (6)
Thereby, the Hamiltonian in this case is simply given
by H =
∫
∞
Q[ξ]. Making use of the Noether charge 2-
form (5), we have then the following energy enclosed by
a closed 2-sphere at spatial infinity on which the vector
field ξµ is taken to be the asymptotic time translation:
E =
∫
∞
Q[ξ]
=
1
16π
∫
∞
taSaαβǫαβγλ
=
1
8π
∫
V
d3x∂i(eS00i)
=MADM . (7)
In the third line we have used Stokes’ theorem to turn
the surface integral into an integral over the volume V ,
and in the last line we used the fact that the ADM mass
in TEGR is specifically given by such a volume integral
[15, 16]. Notice that in contrast to the ADM mass in GR,
the formula we find here is more naturally expressed as
a volume integral. This result allows us now to discuss
the black hole entropy.
IV. BLACK HOLE ENTROPY
The first law of black hole mechanics for a static black
hole of massM = E , as derived within GR, reads [31, 32],
δE = κ2pi δA, where κ is the surface gravity and A is the
surface area of the horizon4. This identity becomes iden-
tical to the first law of thermodynamics, δE = TδS, pro-
vided only that one identifies — up to proportionality
factors — temperature with the surface gravity κ and
entropy with the surface area A of the horizon. On the
other hand, provided that £ξφ = 0 for all the fields of
the theory, one has for a given hypersurface Ξ the iden-
tity,
∫
∂Ξ
δQ[ξ] − iξΘ = 0 [25]. This, and the fact that
the Killing vector ξµ (which coincides with the time-
like Killing field tµ at spatial infinity) vanishes on the
bifurcation 2-surface Σ of the horizon, leads in GR to
δE = δ ∫
Σ
Q[ξ] [25], provided that the only other (inte-
rior) boundary of the spatial hypersurface Ξ of interest is
the apparent horizon of the black hole. Comparing now
this identity with the first law, one deduces that the black
hole entropy should be given by S = 2pi
κ
∫
Σ
Q[ξ], provided
that one is able to show that the variation δ
∫
ΣQ[ξ] can
indeed be expressed in the form of a product of κ2pi times
a term of the form δS, for some scalar S. It turns out
that this is indeed the case in GR, whence the Wald pre-
scription, S = 2pi
κ
∫
ΣQ[ξ] [24, 25].
Now, since the spacetime dynamics in GR is equiva-
lent to the dynamics described by TEGR, the first law of
black hole mechanics is obviously preserved in the frame-
work of TEGR. On the other hand, combining our results
(6) and (7) with the fact that the Killing vector ξµ coin-
cides with the timelike Killing field tµ at spatial infinity,
as well as the fact that,
∫
∂Ξ δQ[ξ] − iξΘ = 0, guaran-
teed by, £ξφ ≡ £ξeaµ = 0, we deduce, as in GR, that
δE = δ ∫
Σ
Q[ξ]. Unlike in GR, however, the 2-surface Σ
of the horizon does not have to be a bifurcation 2-surface
on which the Killing vector vanishes.
We now use the black hole’s first law to infer that en-
tropy should be extracted using the inverse of κ2pi by writ-
ing, δS = 2pi
κ
δ
∫
Σ
Q[ξ] = δ
∫
Σ
2pi
κ
Q[ξ]. In the second step
we moved the surface gravity κ inside the integral based
on the constancy of κ over the entire horizon as well as its
insensitivity to the variation δφ of the dynamical fields of
the theory. It is worth noting here that the issue of mov-
4 It is instructive to refer to Ref. [33] for a more enlightening step-
by-step derivation of the formula which shows explicitly how sur-
face gravity factors out in the formula.
5ing the surface gravity around in the first order formalism
of GR has already been pointed out in Ref. [34].
In Ref. [34], κ had to be moved outside the integral to
make the first law hold, precluding thus a priori Wald’s
approach from being sufficiently general as to relate black
hole entropy to Noether charge in the first order formal-
ism of GR. The argument given in Ref. [34] was that κ
depends on the surface area of the horizon [35]. We did
move here κ inside the integral for, as pointed out also
in Ref. [35], although the surface gravity does depend on
the surface area, it does not depend on the “shape” of
the latter. In the derivation of the first law of black hole
mechanics in the second order formalism of GR, one in-
deed assumes an adiabatic process that does not affect
κ (see Ref. [33]). This can be thought of as a series of
infinitesimal changes in the shape of the horizon.
However, since our argument does not require putting
κ inside the integral, for the sake of generality, we are go-
ing to keep the former outside the latter. It follows then
that the black hole entropy in TEGR can be expressed
as,
S =
2π
κ
∫
Σ
Q[ξ]
=
1
8κ
∫
Σ
ξaSaαβǫαβγλ
=
1
4κ
∫
V
d3x∂i
(
eξaSa0i
)
. (8)
In the last step we have used again Stokes’ theorem and
integrated over the volume V bounded by the black hole
horizon. This result shows that entropy, like the ADM
mass, can very naturally be expressed as a volume in-
tegral. Therefore, the integrand in the last line can be
interpreted as an entropy density.
It is worth noting here that in Refs. [36–38] it is found
that torsion does not contribute to black hole entropy in
Riemann-Cartan spacetimes (see, however, Ref. [39]). In
such spacetimes torsion plays the role of an independent
degree of freedom conditioned by the presence of mat-
ter with nonzero intrinsic spin. We do get in TEGR a
contribution to entropy from torsion because, unlike in
other theories of gravity with torsion, the latter becomes
in TEGR a substitute for curvature.
We would like to stress here again the important fact
that nowhere did we have to invoke the bifurcation 2-
surface of the horizon and the vanishing of the Killing
vector on the latter. Formula (8) works in fact on any
cross section of the apparent horizon. Thus, in agree-
ment with what was found in Ref. [34] within the first
order formalism of GR, extracting entropy in TEGR does
not necessitate a bifurcate horizon either. This fact ac-
tually constitutes another advantage of adopting Wald’s
approach in TEGR, for it is well known that more real-
istic black holes emerge from gravitational collapse, the
spacetime of which is not expected to possess any bifur-
cation surface.
This departure from the restrictions of the second-
order formalism of GR is made possible by the use of
the tetrad fields in the first-order formalism. In fact, be-
sides making TEGR a first-order formalism, the tetrad
formalism yields a symplectic potential that depends on
the variation of the tetrad fields themselves, as opposed
to what happens within GR where the variation of the
first derivatives of the metric is required. As such, the
mere invariance of the tetrad fields replaces the require-
ment to have a vanishing Killing field. Physically, this
could be viewed as if, unlike the first derivatives of the
metric in GR, the tetrad fields in TEGR are sensitive
even to a smooth horizon without a bifurcation surface.
Now, to evaluate the surface integral in Eq. (8), we
proceed as follows. First, we use the identity ǫµν =
ǫµνρσNρξσ, where N
µ is an auxiliary null vector on the
horizon, normalized such that Nµξ
µ = −1 and ǫµν is
the volume element on the 2-surface Σ [32]. With this
identity, the surface integral in Eq. (8) yields,
S =
1
16κ
∫
Σ
ξaSaαβ (ǫµνǫµναβ) ǫγλ
=
1
16κ
∫
Σ
ξaSaαβ (ǫµνρσNρξσǫµναβ) ǫγλ
=
1
4κ
∫
Σ
ξaSaαβNβξαǫγλ. (9)
In the last step we have used ǫµνρσǫµναβ = −4δ[ρα δσ]β [32].
Next, a straightforward calculation shows that
£ξgµν = ∇µξν + ∇νξµ − ξρ (Tµνρ + Tνµρ). This means
that for a Killing vector ξµ, for which one has £ξgµν = 0,
the usual Killing equation (∇µξν +∇νξµ = 0) should be
replaced by the modified Killing equation,∇µξν+∇νξµ =
ξρ (Tµνρ + Tνµρ) [40]. Contracting both sides of this
equation with ξµ, and using the antisymmetry of the tor-
sion tensor in its last two indices gives,
ξµξρTµρν = ξ
µ∇µξν + ξµ∇νξµ. (10)
Maintaining the requirement that surface gravity κ be
unique and be defined as usual by ξµ∇µξν = κξν as well
as ξµ∇νξµ = −κξν , the authors in Ref. [40] argued that in
spacetimes with torsion the identity ξµξνTµνρ = 0 should
hold. Keeping the same requirement here in TEGR, let
us expand ξρTµρν into ξ
ρTµρν = pgµν + qξµNν + sξνNµ,
for some scalars p, q and s to be determined. Contracting
both sides of this identity separately with ξµ and ξν , and
using the antisymmetry of torsion as well as Nµξ
µ = −1,
we deduce that p = q = s. Therefore, by contracting this
time both sides of the identity with gµν , we conclude that
ξµTµ = 2p.
Finally, using the definition of the superpotential Saµν
in terms of torsion as given below Eq. (2), together with
the requirements ξµξνTµνρ = 0 and ξ
µTµ = 2p we just
6deduced, we find,
S =
1
4κ
∫
Σ
ξaSaαβNβξαǫγλ
=
1
4κ
∫
Σ
ξρ(Tρ
αβ − 12Tαβρ − δβρTα + δαρ T β)Nβξαǫγλ
=
2pA
4κ
. (11)
We see that the value p = κ/2 yields the familiar area law
for entropy. To check that ξµTµ = κ is indeed what one
recovers in TEGR, let us examine a concrete example.
Let us use the metric of the Schwarzschild black hole of
mass m, given by g00 = 1 − 2m/r = −1/g11. One eas-
ily extracts the tetrad fields for this metric, from which
one finds the nonvanishing components of torsion to be,
T 010 = g00,r/2g00 and T
2
12 = T
3
13 = (1 −
√−g11)/r
[41]. Computing then the only nonvanishing trace com-
ponent T1 and using the outgoing null normal (1, g00, 0, 0)
that gives the right orientation for the 2-surface Σ on
which it coincides with the null Killing vector, we easily
evaluate the contraction ξµTµ on the horizon and find
m/r2 = 1/4m, which is just the surface gravity of the
Schwarzschild black hole.
V. BEHAVIOR UNDER WEYL
TRANSFORMATION
The issue that arises when applying conformal trans-
formations in GR to the Wald entropy is the fact that
the latter is found to be invariant under conformal trans-
formations whereas the familiar area law suggests that
entropy would transform like a surface area [18]. Now
that we saw that entropy in TEGR is more naturally
expressed as a volume integral, the question that arises
is whether such an expression would still make entropy
invariant under Weyl transformations as in GR. If so, a
second question would then necessarily arise. One would
then indeed want to know whether such an invariance
is compatible with the interpretation of the integrand in
the result (8) as an entropy density.
A Weyl conformal transformation consists in rescaling
the metric with an everywhere regular and positive factor
Ω2(x). Formally, this reads, g˜µν = Ω
2(x)gµν . The new
spacetime obtained by such a transformation is usually
called the conformal frame, or the Einstein frame, as op-
posed to the original spacetime called usually the Jordan
frame [42]. In order to extract the black hole entropy in
the conformal frame, we need first to find the expression
of the new gravitational Lagrangian and then apply to it
Wald’s algorithm to extract the Noether charge.
Under the Weyl rescaling of the metric, the tetrads
transform as e˜aµ = Ωe
a
µ. Thereby, the transformation
of the remaining terms of the TEGR Lagrangian are
easily found to be, e˜ = Ω4e, e˜µa = Ω
−1eµa , T˜
ρ
µν =
T ρµν+δ
ρ
µ∂νΩ−δρν∂µΩ and S˜ρµν = Ω−2Sρµν . Notice that
to obtain the transformation of torsion, we assumed, as is
usually done in TEGR [43–45], that the spin connection
is conformally invariant. This is due to the fact that in
TEGR the spin connection is taken to be a purely iner-
tial Lorentz connection, totally unaffected by the rescal-
ing of the spacetime metric. The transformation of tor-
sion in TEGR is thus similar to what is usually found
in the literature on the search for conformal invariance
in the more general Riemann-Cartan spacetimes [46–49].
In those spacetimes, however, the spin connection does
not have to be restricted to the inertial Lorentz connec-
tion and, hence, it is a priori expected to be affected by
the Weyl transformation as well. Using now these trans-
formations, the TEGR Lagrangian within the action (3)
takes the following form in the conformal frame:
L˜ =
ǫ˜
32π
(
T˜
Ω2
+
8T˜ µ
Ω3
∇˜µΩ− 12
Ω4
∇˜µΩ∇˜µΩ
)
. (12)
Before we proceed to the extraction of the symplec-
tic potential, it is important to pause here and notice
that the first and the last terms of this Lagrangian are
very reminiscent of Brans-Dicke’s scalar-tensor general-
ization of GR. By the redefinition Ω−2 = φ, the scalar
field φ would indeed play a role analogous to the Brans-
Dicke scalar field. In GR, one in fact goes from a con-
formally transformed Einstein-Hilbert Lagrangian to a
real Brans-Dicke Lagrangian by replacing the anomalous
Brans-Dicke parameter −3/2 that results from such a
procedure by an arbitrary parameter ω(φ) (see the dis-
cussion in Ref. [50]). This technique works actually even
for highly nonlinear models such as the one proposed
in Refs. [51–53]. The structure of the Lagrangian (12)
represents thus a potential prototype for general scalar-
tensor teleparallel gravity theories, provided only that
both constant factors 8 and −12 in it be replaced by arbi-
trary functions of the field φ. We therefore conclude that,
unlike the Lagrangians introduced in Refs. [54–57] to be
used in scalar-tensor (or even “Brans-Dicke”) teleparallel
gravity theories, these extensions of teleparallel gravity
would be more accurately described by letting their La-
grangian acquire a coupling between the gradient of the
scalar field and torsion.
Let us now proceed with the extraction of the sym-
plectic potential. As in the original frame, the varia-
tion of this Lagrangian takes the simple compact form,
δL˜ = E˜a
µ δe˜aµ + E˜
(Ω) δΩ + dΘ˜. However, the new
tetrad and Ω equations of motion, given, respectively,
by E˜a
µ = 0 and E˜(Ω) = 0, as well as the new symplectic
potential Θ˜ are all much more involved than those that
arise in the original frame. In fact, the explicit expression
of the tetrad equations of motion are given by Eq. (C2).
Using these, the symplectic potential is easily extracted
and is found to be given by Eq. (C3). The explicit ex-
pression of the Noether charge we then obtain from such
a symplectic potential is as given in Eq. (C4). Using
the latter, the entropy of the black hole in the conformal
7frame can be computed5 and expressed in terms of the
entropy of the original frame as follows:
S˜ =
2π
κ˜
∫
Σ˜
Q˜[ξ˜]
=
1
8κ˜
∫
Σ˜
ξ˜a
Ω2
(
S˜aαβ − 2Ω2Σ˜aαβ
)
ǫ˜αβγλ
=
1
8κ˜
∫
Σ˜
ξ˜a
Ω2
S˜αβa ǫ˜αβγλ
=
1
8κ
∫
Σ˜
ξaSaαβǫαβγλ
= S. (13)
To obtain the third line, we have used the fact that, as
shown in Ref. [17], the existence of the Killing vector field
ξ˜µ in the conformal frame is conditioned by having the
conformal factor Ω satisfy also ξ˜[µ∇˜ν]Ω = 0, and hence,
like surface gravity, Ω is uniform all over the horizon. The
contribution of the last term in the second line is indeed
proportional to ξ˜[µ∇˜ν]Ω, as can be seen by computing the
contraction ξ˜aΣ˜a
µν using our definition of the induced
torsion Σ˜a
µν given below Eq. (C2). In the fourth line we
have used the fact that under a Weyl transformation of
the metric, the Killing vector field transforms into ξ˜µ =
ξµ/Ω and the surface gravity transforms into κ˜ = κ˜/Ω
[17].
We clearly see then that, as was the case in GR, en-
tropy is invariant under Weyl’s conformal transforma-
tions. Being reducible here to a volume integral, however,
it is easier to understand the origin of such an invariance.
Indeed, in this case it is simply due to the fact that one
now is also able to integrate over a volume an entropy
density which does transform like (volume)−1.
VI. SUMMARY & DISCUSSION
Black hole thermodynamics has been investigated
within the framework of TEGR based on Wald’s algo-
rithm for diffeomorphism invariant theories of gravity.
Our result shows that, unlike what is found within the
framework of GR, black hole entropy is more naturally
expressed as a volume integral. This result makes a per-
fect parallel with the already well-known fact that within
TEGR the ADM mass associated to the gravitational en-
ergy is also expressed as a volume integral. This could
actually be understood in a natural way, both mathemat-
ically and physically, as follows.
5 Note that the requirement £
ξ˜
e˜aµ = 0 that guarantees the equa-
tion
∫
∂Ξ˜
δQ˜[ξ˜]− i
ξ˜
Θ˜ = 0 to hold in the conformal frame is now
augmented by the requirement to also have £
ξ˜
Ω = ξ˜µ∇˜µΩ =
0. The latter is actually already guaranteed by the fact that
ξ˜µ∇˜µΩ = 0 is also the requirement for a Killing vector field to
exist in the conformal frame [17].
Recall, indeed, that geometrically TEGR manages to
express the ADM mass as a volume integral thanks to the
use of the tetrad field, which is geometrically richer than
the metric field in the sense that the former represents
the square root of the latter. The consequence of this,
as we saw in the Introduction and in Appendix A, is
that TEGR is a first-order theory, both in its Lagrangian
and in its equations of motion. Thus, what was second
order within GR became first order within TEGR. In
other words, thanks to the tetrad field, one is, in some
sense, able to “integrate” out GR to get TEGR. This
simple pattern is recovered for the case of the ADM mass.
Indeed, the latter within GR is a surface integral that is
equivalent to a quantity that appears within TEGR as an
integral over a volume of a total derivative. According to
this logic then, we naturally expect that entropy within
GR should be equivalent to a quantity that consists of
an integral of a volume within TEGR, i.e., an integral
of an entropy density. In other words, what within GR
appeared as a mere surface term, TEGR has been able
to resolve it to reveal it to be actually spread over a
volume. The miracle thus rests mathematically on the
use of a richer structure provided by the frame fields.
On the other hand, such a miracle can in fact be un-
derstood physically as well. As alluded to in the Intro-
duction, this parallel within the framework of TEGR be-
tween the fate of the gravitational energy and that of
black hole entropy actually has a common origin. In-
deed, as already recalled there, even the very existence
of an energy-momentum density tensor for the gravita-
tional field is due to the possibility of filtering out inertial
effects from pure gravity — the contribution of the for-
mer being of a pseudotensorial nature, in contrast to the
contribution of the latter. In this sense, it is not surpris-
ing that black hole entropy becomes also subjected within
the framework of TEGR to the same fate. Recall indeed
that, thanks to the strong equivalence principle, the sim-
ilarity between the black hole entropy area law and the
area law of the entanglement entropy that arises in the
reference frame of an accelerated observer becomes less
obscure. This very observation can, however, be turned
upside down by arguing that, after eliminating inertial ef-
fects from our description of the dynamics of spacetime,
the behavior of black hole entropy does not necessarily
have to conform to what is measured by an accelerated
observer.
The motivation behind the investigation conducted in
this paper came actually from the other curious fact that,
within the framework of GR, Wald’s approach yields a
conformally invariant entropy, in contrast to what one
expects from an area law. It was argued in Ref. [18] that
the fundamental reason for such a behavior is due to the
fact that Wald’s approach is not so much about a geo-
metric relation within the theory than about a geomet-
ric property of the theory. Here, the geometric property
is diffeomorphism invariance and the latter is preserved
under Weyl’s transformations. In fact, no mixing be-
tween matter and geometry is then ever required as is
8the case with some of the geometric concepts of mass in
GR [22, 23], with Einstein equations [42] and with the
recipe [19] for extracting Einstein equations from Clau-
sius’ thermodynamic relation [18]. Therefore, regardless
of the separability between inertia and gravity within the
framework of TEGR, the latter is still diffeomorphism
invariant and, hence, is also expected to provide an en-
tropy that is invariant under Weyl’s transformation of
spacetime. Our result in Sec. IV confirms just this ex-
pectation. In addition to this, however, one gains now
a nice new interpretation of this invariance that was not
possible within GR. The invariance can in fact simply be
interpreted as being due to the fact that one is integrat-
ing an entropy density over a volume.
Finally, we would like to conclude this section with
a brief interesting speculation. It was argued in Ref. [2]
that the quantization problem of gravity within GR could
be cured if one uses TEGR instead because precisely of
this crucial separation between gravity and inertia as well
as its gauge formulation (see Ref. [58] for a more recent
technical discussion on this last point). See also the works
[59, 60] and the references therein for recent progress on
quantization and on quantum cosmology in TEGR. It is
then not excluded that this work could also lead to a
better understanding at the quantum level of black hole
entropy and even help resolve some of the deepest issues
posed by the latter.
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Appendix A: Field equations of TEGR
In this Appendix we display the details of the deriva-
tion of the field equations in TEGR. This derivation will
indeed play an important role in the extraction of the
symplectic potentialΘ in Appendix B. First, varying the
Lagrangian yields,
δL =
1
32π
δ (ǫT)
=
ǫ
32πe
[
∂(eT)
∂eaµ
δeaµ +
∂(eT)
∂(∂νeaµ)
δ(∂νe
a
µ)
]
=
ǫ
32πe
[
∂(eT)
∂eaµ
− ∂ν ∂(eT)
∂(∂νeaµ)
]
δeaµ
+
ǫ
32πe
∂ν
[
∂(eT)
∂(∂νeaµ)
δeaµ
]
. (A1)
When searching for the field equations, one discards the
total derivative of the last line as being a boundary term
that does not contribute in the variation. Therefore, the
field equations of TEGR take on the elegant and simple
form, ∂ν(eSaµν) = 8πeJ µa , with
−32πeJ µa ≡
∂(eT)
∂eaµ
= eeµaT+ e
∂T
∂eaµ
= e
(
eµaT+ 4e
ρ
a SbµνT bνρ − 4ωνbaSbµν
)
,
−4eSaµν = ∂(eT)
∂(∂νeaµ)
. (A2)
The tensor Saµν is called the “superpotential” and Jaµ is
called the “gravitational energy-momentum density” or
simply the “gravitational current density” [2, 3].
Appendix B: The symplectic potential and Noether
charge in TEGR
With the above equations of motion at hand we can
now extract the symplectic potential by following a sim-
ple algorithm [24, 25]. First, by varying the Lagrangian,
we saw from Eq. (A1) that besides the equations of mo-
tion, there is the extra term of the last line which is a
four divergence. Therefore, using the definitions (A2) for
the various derivatives, we have the following expression
for the variation of the Lagrangian,
δL =
ǫ
e
[
−eJaµ + 1
8π
∂ν(eSaµν)
]
δeaµ−
ǫ
8πe
∂ν
(
eSaµνδeaµ
)
= Ea
µ δeaµ + dΘ. (B1)
Here, we have introduced the 4-form Ea
µ, the vanishing
of which yields the equations of motion as can be seen
from the content of the square brackets of the first line.
On the other hand, the four-divergence structure of the
last term allows us to turn the latter into an exact form
dΘ, where the symplectic potential 3-formΘ can directly
be read off, Θβγλ = −(8π)−1Saµαδeaµǫαβγλ.
Next, using this general symplectic 3-form Θ, one
builds the current 3-form J = Θ− iξL in which the arbi-
trary variation δeaµ of the tetrad field is replaced by its Lie
derivative £ξe
a
µ along an arbitrary vector field ξ
µ. Such a
current 3-form J becomes then closed on shell, i.e., when
the equations of motion are satisfied: Ea
µ = 0. In fact,
we have in this case,
dJ = dΘ− d(iξL)
= dΘ−£ξL+ iξdL
= dΘ−£ξL
= dΘ−Eaµ£ξeaµ − dΘ
= −Eaµ£ξeaµ
= 0. (on shell) (B2)
In the second line, use has been made of Cartan’s formula
for differential forms, £ξL = iξdL+d(iξL). The last line
implies that there must exist, on shell, a 2-form Q such
that J = dQ.
9Our task then is to find out what this 2-formQ is. The
strategy then consists in building the 3-form J and check-
ing if it can really be written as an exterior derivative of a
2-form. First, after replacing in Eq. (4) the variation δeaµ
by the generalized Lie derivative Lξeaµ = £ξeaµ+Mabebµ,
as described in the text below Eq. (4), the latter acquires
the following explicit form in terms of the Killing vector
field ξµ:
Θβγλ = − 1
8π
Saµα
(
ξρ∂ρe
a
µ + e
a
ρ∂µξ
ρ +Mabebµ
)
ǫαβγλ
= − 1
8π
Saµα
(
ξρT aρµ + ∂µξ
a + ωµ
a
bξ
b
)
ǫαβγλ
+
1
8π
Saµαebµ (ξρωρa b −Mab) ǫαβγλ
= − 1
8π
Saµα T aρµξρ ǫαβγλ − 1
8π
∂µ (Saµα ξaǫαβγλ)
+
1
8π
[
e−1∂µ (eSaµα) ξa − Saµαωµa bξb
]
ǫαβγλ
+
1
8π
Saµα (ξρωρa b −Mab) ebµǫαβγλ. (B3)
In the first line we have introduced the generalized Lie
derivative, in the second equality we introduced the tor-
sion tensor (2), and in the last equality we have inte-
grated by parts. Next, thanks to the equations of mo-
tion, the third term in the third equality can be traded
for the gravitational current eJ µa . The latter can, in turn,
be replaced by its full explicit expression as given in the
first line of Eq. (A2). The expression (B3) then simplifies
greatly and reduces to,
Θβγλ = − 1
8π
∂µ (ξ
aSaµαǫαβγλ) + 1
32π
Tξαǫαβγλ
+
1
8π
Saµα [ξρωρa b −Mab] ebµ ǫαβγλ. (B4)
Using this last expression of Θ, we can now build the
current 3-form J as follows:
Jβγλ = Θβγλ − (iξL)βγλ
= − 1
8π
∂µ (ξ
aSaµαǫαβγλ)
+
1
8π
Saµα [ξρωρab −Mab] ebµǫαβγλ. (B5)
We clearly see then that, in order for the 3-form current
Jβγλ to be an exact differential 2-form, as required by the
existence of the Noether charge Q, the Lorentz rotation
matrixMab(x, ξ) should be given by:
Mab(x, ξ) = ξρωρa b = ξρ(Λ−1)a c ∂ρΛc b. (B6)
In this case, the current 3-form J indeed becomes an
exact form dQ, where the charge 2-form Q reads,
Qγλ =
1
16π
ξaSaαβǫαβγλ. (B7)
Notice that, as explained in the text, by working in the
class of reference frames in which the spin connection
vanishes globally, one does not need to introduce the gen-
eralized Lie derivative Lξ. The usual Lie derivative £ξeaµ
would then be amply sufficient.
Appendix C: Field equations, symplectic potential
and Noether charge in the conformal frame
Under the Weyl transformation g˜µν = Ω2(x)gµν , with
a spacetime-dependent conformal factor Ω(x), the TEGR
Lagrangian takes the form (12). The arbitrary variation
of the fields in the latter then yields,
δL˜ = E˜a
µδe˜aµ + E˜
(Ω)δΩ+ dΘ˜, (C1)
where, E˜a
µ and E˜(Ω) would represent, respectively, the
tetrad field equations 4-form and a constraint 4-form on
the conformal factor Ω. Θ˜ represents the symplectic po-
tential 3-form of the conformal frame after requiring that
δL = 0 for any variation of the fields. The tetrad field
equations E˜a
µ = 0 read,
∂ν(e˜S˜aµν) = 8πe˜J˜aµ − 23Ω2e˜
(
Σ˜ν S˜aµν + Σ˜aT˜ µ
)
+Ω2e˜
(
Σ˜a
λν T˜ µνλ − 2Σ˜aµν T˜ν
)
− 23Ω4e˜
(
Σ˜aΣ˜
µ − 12 e˜µaΣ˜νΣ˜ν
)
+ 2Ω2∂ν
(
e˜ Σ˜a
µν
)
, (C2)
For convenience, we have introduced here the “induced”
torsion tensor, Σ˜aµν = Ω
−3
(
eaµ∇˜νΩ− eaν∇˜µΩ
)
. The
trace of the latter is given by Σ˜µ ≡ Σ˜νµν = −3Ω−3∇˜µΩ.
The symplectic potential then reads,
Θ˜βγλ = − 1
8πΩ2
δe˜aµ
(
S˜aµα − 2Ω2Σ˜aµα
)
ǫ˜αβγλ
+
1
4πΩ3
δΩ
(
T˜α +Ω2Σ˜α
)
ǫ˜αβγλ. (C3)
With these expressions at hand, we can now extract the
Noether charge by building the 3-form current J˜ = Θ˜ −
iξ˜L˜, from which the 2-from charge, Q˜γλ, is easily read
off:
Q˜γλ =
1
16π
ξ˜a
Ω2
(
S˜aαβ − 2Ω2Σ˜aαβ
)
ǫ˜αβγλ. (C4)
This is the Noether charge used in Sec. V to examine the
black hole entropy in the conformal frame.
10
[1] L. Heisenberg, “A systematic approach to generalisations
of general relativity and their cosmological implications”,
Phys. Rep. 796, 1 (2019).
[2] R. Aldrovandi and J.G. Pereira, Teleparallel Gravity: An
Introduction (Springer, Dordrecht, 2013).
[3] J.W. Maluf, “The teleparallel equivalent of general rela-
tivity”, Ann. Phys. 525, 339 (2013) [arXiv:1303.3897].
[4] E. Emtsova, A. Petrov and A. Toporensky, “Conserved
Currents and Superpotentials in Teleparallel Equivalent
of General Relativity”, [arXiv:1910.08960].
[5] M. Sharif and S. Taj, “Energy contents of some non-
vacuum spacetimes in teleparallel gravity”, Astrophys.
Space Sci. 325, 75 (2010) [arXiv:0910.0306].
[6] J. W. Maluf and S. C. Ulhoa, “The energy-momentum
of plane-fronted gravitational waves in the teleparallel
equivalent of GR”, Phys. Rev. D78, 047502 (2008); Er-
ratum, Phys. Rev. D78, 069901 (2008) [arXiv:0807.0255].
[7] J. B. Formiga, “The energy-momentum tensor of grav-
itational waves, Wyman spacetime and freely falling
observers”, Ann. Phys. (Berlin) 530, 1800320 (2018)
[arXiv:1808.06237].
[8] G. G. L. Nashed, “General spherically symmetric
nonsingular black hole solutions in teleparallel the-
ory of gravitation”, Phys. Rev. D66, 064015 (2002)
[arXiv:gr-qc/0212018 ].
[9] M. F. Mourad, “Gravitational energy-momentum and
gravitational flux of cylindrically rotating solution in the
teleparallel gravity”, Indian J. Phys. 93, 1233 (2019).
[10] F. W. Hehl and B. Mashhoon, “A formal frame-
work for a nonlocal generalization of Einstein’s the-
ory of gravitation”, Phys. Rev. D79, 064028 (2009)
[arXiv:0902.0560v2].
[11] F. W. Hehl and B. Mashhoon, “Nonlocal gravity simu-
lates dark matter”, Phys. Lett. B673, 279 (2009).
[12] K. Bamba, S. D. Odintsov and D. Sa´ez-Go´mez,
“Conformal symmetry and accelerating cosmology in
teleparallel gravity”, Phys. Rev. D88, 084042 (2013)
[arXiv:1308.5789].
[13] L.Combi and G.E. Romero, “Is Teleparallel Gravity Re-
ally Equivalent to General Relativity?”, Ann. Phys. 530,
1700175 (2018) [arXiv:1708.04569].
[14] K. Hayashi and T. Shirafuji, “New general relativity”,
Phys. Rev. D19, 3524 (1979).
[15] J.W. Maluf, J. F. da Rocha-Neto, T.M. L. Toribio and
K.H. Castello-Branco, “Energy and angular momentum
of the gravitational field in the teleparallel geometry”,
Phys. Rev. D65, 124001 (2002) [arXiv:gr-qc/0204035].
[16] J.W. Maluf, S. C. Ulhoa and J. F. da Rocha-Neto, “Grav-
itational pressure on event horizons and thermodynamics
in the teleparallel framework”, Phys. Rev. D85, 044050
(2012) [arXiv:1202.4995].
[17] F. Hammad, E´. Masse´ and P. Labelle, “Black hole
mechanics and thermodynamics in the light of Weyl
transformations”, Phys. Rev. D 98, 104049 (2018)
[arXiv:1811.12201].
[18] F. Hammad and D. Dijamco, “More on spacetime ther-
modynamics in the light of Weyl transformations”, Phys.
Rev. D99, 084016 (2019) [arXiv:1904.07151].
[19] T. Jacobson, “Thermodynamics of Spacetime: The Ein-
stein Equation of State”, Phys. Rev. Lett. 75, 1260
(1995) [arXiv:gr-qc/9504004].
[20] F. Hammad, “Revisiting black holes and wormholes un-
der Weyl transformations”, Phys. Rev. D 97, 124015
(2018) [arXiv:1806.01388].
[21] F. Hammad, E. Masse´ and P. Labelle, “Revisiting worm-
hole energy conditions in Riemann-Cartan spacetimes
and under Weyl transformations”, Phys. Rev. D 98,
124010 (2018) [arXiv:1812.05318].
[22] F. Hammad, “Conformal mapping of the Misner-Sharp
mass from gravitational collapse”, Int. J. Mod. Phys. D
25, 1650081 (2016) [arXiv:1610.02951].
[23] F. Hammad, “More on the conformal mapping of quasi-
local masses: The Hawking-Hayward case”, Class. Quan-
tum Grav. 33, 235016 (2016) [arXiv:1611.03484].
[24] R. Wald, “Black hole entropy is Noether charge”, Phys.
Rev. D 48, R3427 (1993) [arXiv:gr-qc/9307038].
[25] V. Iyer and R. Wald, “Some properties of Noether charge
and a proposal for dynamical black hole entropy”, Phys.
Rev. D 50, 846 (1994) [arXiv:gr-qc/9403028].
[26] T. Jacobson, G. Kang and R.C. Myers, “On
black hole entropy”, Phys. Rev. D49, 6587 (1994)
[arXiv:gr-qc/9312023].
[27] F. Hammad, “f(R)-modified gravity, Wald entropy, and
the generalized uncertainty principle”, Phys. Rev. D 92,
044004 (2015) [arXiv:1508.0512].
[28] Y.N. Obukhov and G. F. Rubilar, “Invariant conserved
currents in gravity theories with local Lorentz and diffeo-
morphism symmetry”, Phys. Rev. D74, 064002 (2006)
[arXiv:gr-qc/0608064].
[29] T. Jacobson and A. Mohd, “Black hole entropy and
Lorentz-diffeomorphism Noether charge”, Phys. Rev.
D92, 124010 (2015) [arXiv:1507.01054].
[30] L. Fatibene and M. Francaviglia, “General theory of Lie
derivatives for Lorentz tensors”, arXiv:0904.0258.
[31] J.M. Bardeen, B. Carter and S.W. Hawking, “The four
laws of black hole mechanics”, Commun. Math. Phys. 31,
161 (1973).
[32] R. Wald, General Relativity (Chicago University Press,
Chicago, 1984).
[33] E. Poisson, A Relativist’s Toolkit (Cambridge University
Press, Cambridge, England, 2004).
[34] A. Corichi, I. Rubalcava-Garcia and T. Vukasinac,
“Hamiltonian and Noether charges in first order gravity”,
Gen. Relativ. Gravit. 46, 1813 (2014) [arXiv:1312.7828].
[35] A. Ashtekar, S. Fairhurst and B. Krishnan, “Isolated
horizons: Hamiltonian evolution and the first law, Phys.
Rev. D62, 104025 (2000) [arXiv:gr-qc/0005083].
[36] S-L. Ko, F-L. Lin and B. Ning, “Pseudo-topological
quasi-local energy of torsion gravity”, Phys. Rev. D96,
044044 (2017) [arXiv:1703.01104].
[37] S. Chakraborty and R.Dey, “Noether current, black hole
entropy and spacetime torsion”, Phys. Lett. B786, 432
(2018) [arXiv:1806.05840].
[38] C-H. Wei and B. Ning, “Quasi-local Energy in 3D Grav-
ity with Torsion”, arXiv:1807.08736.
[39] R-X. Miao, M. Li and Y-G. Miao, “Violation of the
first law of black hole thermodynamics in f(T ) gravity”,
JCAP 11, 033 (2011) [arXiv:1107.0515].
[40] R. Dey, S. Liberati and D. Pranzetti, ”Spacetime ther-
modynamics in the presence of torsion, Phys. Rev. D 96,
124032 (2017) [arXiv:1709.04031].
[41] J. G. Pereira, T. Vargas and C.M. Zhang, “Axial-vector
11
torsion and the teleparallel Kerr spacetime”, Class.
Quant. Grav. 18, 833 (2001) [arXiv:gr-qc/0102070].
[42] M.P. Da¸browski, J. Garecki and D.B. Blaschke,
“Conformal transformations and conformal invariance
in gravitation”, Ann. Phys. (Berlin) 18, 13 (2009)
[arXiv:0806.2683].
[43] J.W. Maluf and F. F. Faria, “Conformally invariant
teleparallel theories of gravity”, Phys. Rev. D85, 027502
(2012) [arXiv:1110.3095].
[44] J.G. da Silva and S.C. Ulhoa, “On gravitational energy
in conformal teleparallel gravity”, Mod. Phys. Lett. A
32, 1750113 (2017) [arXiv:1711.09137].
[45] J. B. Formiga, “Conformal teleparallel theories and
Weyl geometry”, Phys. Rev. D99, 064047 (2019)
[arXiv:1905.04764].
[46] C.J. Park and Y. Yoon, “Conformal couplings in in-
duced gravity”, Gen. Relativ. Gravit. 29, 765 (1997)
[arXiv:gr-qc/9611053].
[47] Y. Yoon, “Conformally coupled induced gravity with
gradient torsion”, Phys. Rev. D59, 127501 (1999)
[arXiv:gr-qc/9904018].
[48] J.A. Helayel-Neto, A. Penna-Firme and I. L. Shapiro,
“Conformal symmetry, anomaly and effective action for
metric-scalar gravity with torsion”, Phys. Lett. B479,
411 (2000) [arXiv:9907081].
[49] I. L. Shapiro, “Physical aspects of the space-
time torsion”, Phys. Rep. 357,113 (2002)
[arXiv:hep-th/0103093].
[50] F. Hammad, D.K. C¸iftci and V. Faraoni, “Conformal
cosmological black holes: Towards restoring determinism
to Einstein theory”, Eur. Phys. J. Plus 134, 480 (2019)
[arXiv:1805.09422].
[51] F. Hammad, “A (varying power)-law modified gravity”,
Phys. Rev. D89, 044042 (2014) [arXiv:1403.0261].
[52] F.Hammad, “Radiative corrections in the (varying
power)-law modified gravity”, Phys. Rev. D91, 124027
(2015) [arXiv:1505.06023].
[53] F.Hammad, “Density perturbations in f(R,φ)-gravity
with an application to the (varying power)-law model”,
Phys. Rev. D96, 064006 (2017) [arXiv:1709.02276].
[54] C-Q. Geng, C-C. Lee, E.N. Saridakis and Y-P. Wu,
““Teleparallel” dark energy”, Phys. Lett. B704, 384
(2011)[arXiv:1109.1092].
[55] S. Bahamonde and M. Wright, “Teleparallel quintessence
with a nonminimal coupling to a boundary term”, Phys.
Rev. D92, 084034 (2015) [Erratum: Phys. Rev. D93,
109901 (2016)] [ arXiv:1508.06580].
[56] M. Salti, O. Aydogdu, H. Yanar and F. Binbay, “Brans-
Dicke type teleparallel scalar-tensor theory ”, Mod. Phys.
Lett. A32, 1750183 (2017).
[57] M. Zubair, S. Bahamonde and M. Jamil, “Gen-
eralized second law of thermodynamic in modified
teleparallel theory”, Eur. Phys. J. C77, 472 (2017)
[arXiv:1604.02996].
[58] M. Fontanini, E. Huguet and M. Le Delliou, “Teleparal-
lel gravity (TEGR) as a gauge theory: Translation or
Cartan connection?”, Phys. Rev. D99, 064006 (2019)
[arXiv:1811.03810].
[59] S. C. Ulhoa and R. G. G. Amorim, “On teleparallel quan-
tum gravity in Schwarzschild space-time”, Adv. High En-
ergy Phys. 2014, 1 (2014) [arXiv:1405.0540].
[60] A. S. Fernandes, S. C. Ulhoa and R.G.G. Amorim, “On
quantum cosmology in teleparallel gravity”, J. Phys.:
Conf. Series 965, 012014 (2018) [arXiv:1802.08087].
